Selberg trace formulae for heat and wave kernels of Maass Laplacians on compact forms of the complex hyperbolic space Hn(C), n⩾2  by Ayaz, Khadija & Intissar, Ahmed
Differential Geometry and its Applications 15 (2001) 1–31 1
North-Holland
www.elsevier.com/locate/difgeo
Selberg trace formulae for heat and wave
kernels of Maass Laplacians on compact forms
of the complex hyperbolic space H n(C), n  2
Khadija Ayaz and Ahmed Intissar1
Department of Mathematics, Faculty of Sciences of Rabat, BP 1014, Morocco
Communicated by S.G. Gindikin
Received 7 January 2000
Abstract: We establish explicit forms of Selberg trace formulae for heat and wave kernels of the Maass
Laplacians Dk on compact forms of the complex hyperbolic space Hn(C), n  2. This was possible by
establishing first an explicit general Selberg trace formula for automorphic kernels of weight k in Hn(C) and
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independent interest and might be applied in some other contexts.
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1. Introduction
Let M be a compact Riemannian surface of genus g  2. Then M = \H where H is the
upper half plane H = {x + iy ∈ C; y > 0} and  is a discrete subgroup of SL(2,R) acting
freely on H via fractional linear transformations.
Let k be the Maass Laplacians on H given by
k = y2
(
∂2
∂x2
+ ∂
2
∂y2
)
− 2iky ∂
∂y
, k ∈ R.
This family of Laplacians k was introduced first by Maass [15] in his investigation of non-
analytic automorphic forms of weight k. And since then, these Laplacians have played a central
role in the work of many other authors, notably Roelke [20], Elstrodt [6], Patterson [19], Fay [9]
and Hejhal [11], etc. Furtheremore, within the growing up of Polyakov string theory and super-
string theory, the above Maass Laplacians k enter as an essential tool into such theories through
their explicit stationary and evolution spectral theory. In particular, their explicit Selberg trace
formulae when acting on automorphic forms of weight k have many applications. For instance,
the Selberg trace formula for the heat semigroup of the Laplacian k was used in the evaluation
of some determinants of k (see [1, 5]).
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Now, the object of this paper is to give the analogue of the above Maas Laplacians in higher
dimension and to establish explicit form of Selberg trace formulae for their heat and wave
kernels.
For this, let consider H n(C) = SU(n, 1)/S(U (n) × U (1)) be the n-dimensional complex
hyperbolic space which we identifiy with the Bergman unit ball Bn = {(z1, . . . , zn) ∈ Cn ,
|z| < 1} endowed with its usual Ka¨hler Bergman metric. Let  be a cocompact torsion free
discrete subgroup of G = SU(n, 1)acting by bi-holomorphic mappings on the complex unit ball
Bn . Then the manifold M = \H n(C) = \SU(n, 1)/S(U (n)× U (1)) is a compact Ka¨hlerian
manifold, whose the simply connected covering space is the complex hyperbolic space H n(C);
the manifold M is then called a compact form of the complex hyperbolic space H n(C).
Next, let consider the following family of Schro¨dinger operators on the unit ball Bn = H n(C)
given by
Dk = −(d +
√−1k ext(θ))∗(d + √−1k ext(θ)) + 4k2
where θ denotes the canonical vector potential on the complex hyperbolic space H n(C) = Bn
given explicitely by: θ = −√−1(∂ −∂)Log(1 − |z|2).
Noting that for n = 1, the above Shro¨dinger operators Dk are equivalent to the Maass Lapla-
cian k on H (H  H 1(C)), see Proposition 2.1 below, we might call the above Shro¨dinger
operators Dk simply as the Maass Laplacians of the complex hyperbolic space H n(C) for all
n  1 (see also our Remark 2.1).
Hencefore, our main purpose in this paper is to establish explicit forms of the Selberg
trace formula for heat and wave kernels of the above Maass Laplacians Dk when acting on
automorphic forms of weight k with respect to the cocompact torsion free discrete subgroup 
of G = SU(n, 1), for n  2.
Our approach for establishing the explicit forms of Selberg trace formulae for heat and wave
kernels of the Maass Laplacians Dk will follows in spirit, the classical analytical methods that
are used for automorphic forms of arbitrary weight k on Riemannian surfaces of genus  2
(see [6, 8, 19, . . .]). In fact, our starting point for getting explicit forms for such Selberg traces,
is based on the explicit formulae for both heat and wave kernels of the above operators Dk that
were established respectively in [13] and [14]. Using this, our procedure in this paper will not
involve any heavy Harmonic analysis on rank one compact locally symetric spaces.
Furtheremore, the analytic method we are developping in this paper has many advantages.
First, it lead us to establish a general Selberg trace formula for automorphic kernels of weight
k in the complex hyperbolic space H n(C) (see Theorem 4.1) and second, to evaluate some
important integrals that involve in their integrand the product of two hypergeometric functions
(see Lemma 5.1). The obtained formula for such integrals are of independant interest and might
be usefull in the theory of Special functions.
Also, while this will not be worked out in this paper, we should mention that by using the
general Selberg trace formula in Theorem 4.1, we can derive an analogue of Huber formula
(of weight k) in the complex hyperbolic space H n(C) for n  2, and that using heat and wave
Selberg trace formulae as given in Theorems 5.2 and 5.3 we can exhibit the essential properties
of the associated Selberg Theta and Zeta functions. We hope to return to these matters in a
forthcoming work.
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Now, we give an outline of this paper. In Section 2 we will review the geometrical structure
of the complex hyperbolic space H n(C) and we introduce the family of Maass Laplacians Dk
on H n(C) for which we recall some invariance properties as well as the explicit formulae for
the solutions of the corresponding heat and wave kernels. In Section 3 we give some spectral
properties of the above Laplacians Dk when acting on automorphic forms of weight k with
respect to a torsion free cocompact discrete group  of SU(n, 1). The forth section will be
concerned with giving a general Selberg trace formula for automorphic kernels of weight k
on H n(C). In Section 5, we apply the result of Section 4 to derive the explicit forms of the
Selberg trace formula for heat and wave kernels of the Laplacians Dk . Finaly we end this paper
by an appendix in which we give the proof of the fundamental Lemma (5.1) that establishes
the explicit evaluation for some integrals involving the product of two Gauss hypergeometric
functions.
2. The complex hyperbolic space Hn(C) and the Maass Laplacians Dk on it
Let H n(C) = SU(n, 1)/S(U (n) × U (1)) be the complex hyperbolic space of complex
dimension n. That is, H n(C) is the rank one hermitian symmetric space of non compact
type. It has a bounded realization in the complex space Cn given by the complex unit ball:
Bn = {z = (z1, . . . , zn) ∈ Cn; |z| < 1} endowed with its usual Ka¨hler–Bergman metric ds2.
This Hermitian metric ds2 is given here by
ds2 = −
n∑
i, j=1
∂2
∂zi∂z j
(log(1 − |z|2)) dzi ⊗ dz j . (2.1)
Under this bounded realisation of H n(C), the holomorphic sectional curvature is a negative
constant equal to −4. Also, for H n(C) identified in below with the complex unit ball Bn , the
Bergman distance d(z, w) and the volume element on Bn are given respectively by
cosh 2d(z, w) = |1 − 〈z, w〉|
2
(1 − |z|2)(1 − |w|2) (2.2)
and
dµ(z) = (1 − |z|2)−(n+1)dm(z) (2.3)
where dm(z) is the Lebesgue measure of Cn = R2n .
In the sequel of this paper, we set H n(C) = Bn equiped with the Bergman metric ds2 in (2.1)
and we denote by G = SU(n, 1) the Lie group of linear mappings of Cn+1 with determinant 1
that preserve the indefinite Hermitian form
|z1|2 + |z2|2 + · · · + |zn|2 − |zn+1|2.
Then it is well known that the group G = SU(n, 1) acts transitively on the unit ball Bn by the
fractional linear transformations
g · z = (Az + B)(Cz + D)−1. (2.4)
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Here (
A B
C D
)
,
as element of G = SU(n, 1), is written into bloc matrices with A ∈ M(n×n)(C), B ∈ M(n×1),
C ∈ M(1×n) and D ∈ C, whereas z ∈ Bn is viewed here as a column vector of Cn so that
Cz + D is a complex number.
Now, let θ be the canonical real differential 1-form on Bn = H n(C) defined by
θ = −√−1(∂ − ∂) Log(1 − |z|2)
and to which we can associate the following family of Magnetic Schro¨dinger operators Dk on
the unit ball Bn with θ considered as a vector potential
Dk = −(d +
√−1k ext (θ))∗(d + √−1k ext (θ)) + 4k2, k ∈ R. (2.5)
Here d is the usual exterior derivative on differentials forms ω on Bn and ext(θ) is the operator
of exterior multiplication by θ (i.e., ext (θ)ω = θ ∧ ω) while * stands for the adjoint operation
with respect to the natural Hermitian scalar product induced by the Bergman metric ds2 on
differential forms of the complex unit ball Bn .
Note that for k = 0, the operator D0 = −d∗d is nothing than the Bergman Laplacian of Bn
whose explicit expression in the coordinates z = (z1, . . . , zn) is given by
D0 = −d∗d = 4(1 − |z|)2
n∑
i, j=1
(δi j − zi z j ) ∂
2
∂zi∂z j
.
In fact, for arbitrary real number k, we can express the above Schro¨dinger operators Dk in
the complex coordinates z = (z1, . . . , zn) as follows:
Proposition 2.1. The Schro¨dinger operator Dk defined in (2.5) reads in the complex coordi-
nates z = (z1, . . . , zn) of the complex unit ball Bn as
Dk = 4(1 − |z|2)
{ n∑
i, j=1
(δi j − zi z j ) ∂
2
∂zi∂z j
+ k
n∑
i=1
(
zi
∂
∂zi
− zi ∂
∂zi
)
+ k2
}
(2.6)
where δi, j is the Kro¨necker symbol.
Before giving the proof of the above proposition, we make some relevant remarks to show
that the operators Dk in (2.6) are not new and were considered in other contexts.
Remark 2.1. a) Let n = 1. Then, since the Poincare´ half plane H is isomorphic to the unit
Disc B1, we can apply appropriately a weighted Cayley transformation to obtain that
(Dk f )(z) = 4
(
w + i
i − w
)−k
k
[(
w + i
i − w
)k
f
(
w − i
w + i
)]
where f ∈ C∞(B1) and z = (w − i)/(w + i), w ∈ H . Thus in this case, the operator Dk
in (2.6) is the Laplacian that was considered by Maass in [15].
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b) For n  2, the above operators Dk in (2.6) are unitary equivalent to the family of
Laplacians α,β which were discussed in different contexts by many authors, notably Geller [9],
Graham [10], Zhang [24], Intissar and Ould Moustapha [13, 14], Boussejra and Intissar [2]. . .
c) Finaly we should mention that our Maass Laplacians Dk constitute a particular family
of a general class of Schro¨dinger operators
Lθk = −(d +
√−1k ext (θ))∗(d + √−1k ext (θ))
where θ is an arbitrary fixed real smooth differential 1-form on a given Riemannian manifold.
The operators Lθk occur in Stochastic Analysis and were discussed by many authors, notably
P. Malliavin [18], Shikigawa [23]. . .
Proof of Proposition 2.1. Let
Dk = −(d +
√−1k ext (θ))∗(d + √−1k ext (θ)) + 4k2
be the Laplacians considered in (2.5). Then, since −dd∗ is the Bergman Laplacian associated to
the Hermitian metric ds2 on Bn , we know that it has the following expression in the coordinates
z = (z1, . . . , zn) ∈ Bn
d∗d = −4(1 − |z|)2
n∑
i, j=1
(δi j − zi z j ) ∂
2
∂zi∂z j
.
Therefore to get the explicit expression in z for the operator Dk , we only need to have those of
the operators (ext θ)∗(ext θ), ext (θ)∗d and d∗ext (θ) when acting on functions f (z) ∈ C∞(Bn).
To do this, we recall that the adjoint of d and ext (θ)with respect to the natural Hermitian scalar
product 〈 | 〉p induced by ds2 on differential p-forms of Bn are given by
d∗ = − ∗ d ∗ and ext (θ)∗ = ∗ ext (θ)∗ (a)
where the lower * is the (antilinear) Hodge star opeartor on differential forms at each point
z ∈ Bn . Hencefore, to get the desired expression in z for the involved operators in Dk , we have
to construct, in somewhat explicitly, the Hodge star operator *. For this, let z be a fixed point in
Bn\{0} and let ds2(z) denote the Hermitian metric given in (2.1). Then by diagonalizing ds2(z),
we can construct a unitary coframe (φ j )1 jn of differential 1-forms so that the Hermitian
metric ds2(z) takes the following form:
ds2(z) =
n∑
j=1
φ j (z) ⊗ φ j (z)
and in which the differential 1-form φ1 can be given explicitly by
φ1 = [|z|(1 − |z|2)]−1
n∑
i=1
zi dzi .
Moreover for any function f ∈ C∞(Bn), one can check easily that its differential d f (z) can be
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written in the form
d f (z) = (1 − |z|
2)
|z| [E f (z) φ1(z) + E f (z) φ1(z)]
+
n∑
j=2
(a j ( f )(z) φ j (z) + b j ( f )(z) φ j (z))
(b)
where here E = ∑nj=1 z j (∂/∂z j ) is the Euler operator and E is its complex conjugate. In
particular, the real differential 1-form θ on Bn given by
θ = −√−1(∂ − ∂) Log(1 − |z|2)
can be expressed in terms of φ1 and φ1 as follows:
θ = i |z|(φ1(z) − φ1(z)), i =
√−1. (c)
Now, we define the Hodge star operator *, at least on the above coframe of differential
1-forms, by requiring that it satisfies the following relations
φ j ∧ ∗φk = 2δ jk dµ(z),
φ j ∧ ∗φk = 2δ jk dµ(z),
φ j ∧ ∗φk = φ j ∧ ∗φk = 0 for all j, k = 1, . . . , n
(d)
where the Bergman volume form dµ(z) in (2.3) can also be written as
dµ(z) =
(
i
2
)n
φ1 ∧ φ1 ∧ · · · ∧ φn ∧ φn.
Hence, using the above preparations, we can state the following lemma.
Lemma 2.1. For every f in C∞(Bn) we have
i) ext (θ)∗ext (θ) f (z) = 4|z|2 f (z).
ii) (ext θ)∗d f (z) = −2i(1 − |z|2)(E − E) f (z).
iii) d∗ext (θ) f (z) = 2i(1 − |z|2)(E − E) f (z).
Proof. Combining (a), (d) and (c) we get i). To establish ii), we combine this time (a), (b), (c),
and (d) to obtain the desired expression. For iii), we use first (a) as well as the Leibnitz rule for
the exterior derivative d, to get that
d∗ext (θ) f = − ∗ (d f ∧ ∗θ) + f · d∗θ.
The first term in the right-hand side of the above identity can be explicited using the same
arguments as in ii) and to finish the proof of the lemma and hence that of the Proposition 2.1,
we only have to observe that d∗θ = 0 since, on Ka¨hlerian manifold, we have
d∗(∂ − ∂) g = 0 for any C∞ function g on Bn.
Hence, using the above Lemma 2.1, we get the desired expression in z for the Maass Laplacian
Dk as stated in the Proposition 2.1.
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Remark 2.2. We should mention that the explicit expression in z as given in (2.6) for the
Laplacian Dk was essential to derive explicit formulae for its eigenfunctions as well as those
of its heat and wave kernels. See [24] and [2] for stationary spectral theory and [13, 14] for heat
and wave equation of Dk .
In below, we recall some of its spectral properties that we will be using. For this, we begin
by giving some invariance properties of the Maass Laplacian Dk as given in Proposition 2.1.
Namely, let Tk denote the following action of the group G = SU(n, 1) on functions f (z) of Bn
Tk(g) f (z) = jk(g−1, z) f (g−1 · z) (2.7)
where jk(g, z) is the automorphic factor given for(
A B
C D
)
,
and z ∈ Bn by
jk(g, z) =
(
Cz + D
Cz + D
)k
.
Note that the above automorphic factor jk(g, z) is defined, up to a mild ambiguity in the
involved powers in k which depends only on G and k. But such ambiguity disappears when
replacing SU(n, 1)by its universal covering group. Also, up to a factor of modulus one depending
only on G and k, the automorphic factor jk satisfies the following chain rule
jk(g1g2, z) = jk(g1, g2 · z) jk(g2, z). (2.8)
Then, using direct computation it is not difficult to check that the Maass Laplacian Dk is
Tk-invariant, i.e.,
Dk Tk(g) = Tk(g) Dk ∀g ∈ SU(n, 1). (2.9)
In fact, the operator Dk can be viewed as the Casimir operator of SU(n, 1) corresponding to
the above projective action Tk given by (2.7).
Now, we summarize, in the following Subsection 2.1 and 2.2, some stationary and evolution
spectral properties of the Laplacians Dk when acting on the Hilbert space L2(Bn, dµ(z)).
2.1. L2-stationary spectral theory of Dk
The main spectral properties of the Laplacian Dk in L2(Bn, dµ(z)) that are relevant for our
purpose are given in the following theorem
Theorem 2.1. i) The Maass Laplacian Dk is densely defined and self-adjoint on the Hilbert
space L2(Bn, dµ(z)).
ii) The spectrum of the Maass Laplacian −Dk in L2(Bn, dµ(z))consists of a continuous part
given by [n2, +∞[ and at most a finite discrete part of eigenvalues with infinite multiplicities.
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More precisely, the point spectrum of −Dk is given by the set
Ek = {µl = 4(|k| − l)(n + l − |k|); 0  l < |k| − 12 n, l ∈ Z+}
when |k| > 12 n. Otherwise it is empty.
Remark 2.3. Since for k = 0, the operator D0 is the Bergman Laplacian of Bn , the statements
given in the above theorem are well known.
Proof of Theorem 2.1. Let k = 0. Then, the statements of the above theorem are also well
established for n = 1 (cf. [6, 8, 16, 19]) and for n  2, we refer the reader to [2, 24].
2.2. Evolution spectral theory of Dk
By evolution spectral theory of the Laplacian Dk , we mean here the properties of heat
and wave solutions in the complex hyperbolic space Bn = H n(C) of the following Cauchy
problems:
(H)
{
∂tv(t, z) = Dkv(t, z), (t, z) ∈ 0, +∞ × Bn,
v(o, z) = f ∈ C∞0 (Bn)
and
(W )
{
∂2t u(t, z) = (Dk + n2) u(t, z), (t, z) ∈ R× Bn,
u(0, z) = 0 and ∂t u(0, z) = f (z) ∈ C∞0 (Bn).
In particular, we are concerned by their explicit solutions. Thus, in order to state the explicit
solutions of the above problems (H) and (W), we introduce the following one parameter family
of kernels Kk(s, z, w) on Bn × Bn given by
Kk(s, z, w) = Jk(z, w)(cosh 2s − cosh 2d)−
1
2+ F
(
−2k, 2k, 1
2
,
cosh d − cosh s
2 cosh d
)
(2.10)
where Jk(z, w) = (1 − 〈z, w〉/(1 − 〈z, w〉))k and d = d(z, w) is the Bergman distance between
z and w in Bn . Here F(a, b, c; z) is the usual Gauss hypergeometric function.
Using the above Kernels given in (2.10), we can state the following result.
Theorem 2.2. i) The unique solution v(t, z) for the heat problem (H) is given explicitely by
v(t, z) = (2π)−n(π t)− 12 e−tn2
∫
Bn
[∫ ∞
0
d(cosh x)
× Kk(x; z, w)
( −1
sinh x
d
dx
)n
e−x
2/4t
]
f (w) dµ(w).
ii) The unique solution u(t, z) for the wave problem (W) is given explicitely by
u(t, z) = (2π)−n
(
1
sinh t
∂
∂t
)n−1 ∫
Bn
Kk(t, z, w) f (w) dµ(w).
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iii) The above kernel Kk(s, z, w) in (2.10) satisfies the following invariance property:
Kk(s, g · z, g · w) = j−k(g, z) Kk(s, z, w) jk(g, w)
for every g ∈ SU(n, 1) and z, w in Bn.
Proof. For i) we refer to [8] in the case of n = 1 and for n  1 we refer to [14]. The proof of
ii) is given in [13].
3. Basic spectral properties of the Maass Laplacians Dk acting on Γ-automorphic forms
of weight k in Hn(C).
In this section, we define spaces of automorphic forms of weight k in the complex hyperbolic
space H n(C) in order to consider the Maass Laplacians Dk as operators acting on such spaces
and then we state the corresponding basic spectral properties that we will be using in the sequel
of this paper.
For this, let  be a torsion free discrete subgroup of G = SU(n, 1) acting on H n(C) = Bn by
biholomorphic mappings as given in (2.4)and let k be an arbitrary real number. Then, we define
the space of -automorphic forms of weight k on Bn (n  1) as the space of all (measurable)
functions f (z) on Bn that satisfies
f (γ · z) = j−k(γ, z) f (z) ∀γ ∈  and z ∈ Bn (3.1)
where the automorphic factor jk(γ, z) is as given by (2.8) in the previous section.
Furtheremore, for a fixed fundamental domain () of  in Bn , we let L2k(()) be the
Hilbert space of -automorphic forms of weight k that are square integrable on (), i.e.,
L2k(()) =
{
f : Bn → C; f (γ · z) = j−k(γ, z) f (z)
and
∫
()
| f (z)|2(1 − |z|2)−(n+1)dm(z) < ∞
}
.
Then, since by (2.9) the Maass Laplacian Dk is T k-invariant, it is firstly well defined on the
domain
Ak,c(Bn) = { f ∈ C∞(Bn); f (γ · z) = j−k(γ, z) f (z)
and supp f |() is compact in ()},
i.e., Ak,c(Bn) is the space of Theta series defined by
Pk (φ)(z) =
∑
γ∈
jk(γ, z) φ(γ · z), φ ∈ C∞c ()
when k ∈ Z; otherwise, it has to be corrected with the use of an appropriate multiplier system
of .
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Secondly, we can show that the operator Dk is essentialy self-adjoint on this space and it
admits a unique self-adjoint realisation in L2k(()) which we denote, from now on, by Dk .
Further, using the expression of Dk as given in Proposition 2.1, i.e.,
− Dk = (d +
√−1k ext (θ))∗(d + √−1k ext (θ)) − 4k2
it becomes clear that the spectrum in L2k(()) of the self-adjoint elliptic operator −Dk is
necessarily contained in the interval [−4k2, +∞] and using the result of the Theorem 2.1, it is
indeed contained in [4k(n − k), +∞].
Therefore by assuming that  is a uniform lattice of SU(n, 1), we will discuss in below the
main spectral properties of Dk that we will be using.
3.1. L2-Stationary spectral theory of Dk
Let  be a uniform lattice of SU(n, 1)(i.e., the double coset set \G/K = \Bn is a manifold
and it is compact). Let () be a fundamental domain of  which, under the above assumption
on , is a relatively compact domain in Bn and let then denote simply by L2k(\Bn) the Hilbert
space L2k(()) of automorphic forms of weight k that are square integrable on ().
Thus, within the above assumptions on , we can summarize in below the basic stationary
spectral properties of Dk that we need for our purpose.
Proposition 3.1. Let  be a uniform lattice for Bn and let Dk be the Maasz Laplacian Dk
acting on the space Ak,c(Bn). Then the following statements hold
i) The Maass Laplacian Dk is densely defined on the Hilbert space L2k(\Bn)and it admits
a unique selfadjoint realisation, still denoted by Dk in L2k(\Bn). Furthermore, the operator
(−Dk ) is an elliptic differential operator and it is bounded from below in the Hilbert space
L2k(\Bn).
ii) The Maass Laplacian Dk has a compact resolvent in the Hilbert space L2k(\Bn). Hence,
it admits only a discrete spectrum that can be written in the form −(λ2j + n2)∞j=1 where only a
finite number of λ j might be pure imaginary but all the others are non negative numbers and
satisfy the Weyl assymptotic formula: λ j ∼ C j 12 n when j → +∞.
iii) There exists a complete orthonormal basis { f j }∞j=1 of L2k(\Bn) where the f j ’s are
eigenfunctions corresponding to the eigenvalues −{λ2j + n2}, i.e., Dk f j = −(λ2j + +n2) f j .
Furthermore, for every non-negative integer l, the derivatives ∂ l of f j satisfy the growth estimate
max
z∈Bn
(|∂ l f j (z)|)  cl(1 + |λ j |)l+n+s for every s > 0.
Proof. a) For n = 1, all the statements in the above proposition are well known in the case of
automorphic forms of weight k on compact Riemannian manifold of genus  2 for the Maass
Laplacian Dk (see [6, 15, 19]).
b) For n  2, we will only indicate how the proof goes for ii) of the above proposition. In
fact, using the elliptic regularity of the operator Dk , it is not difficult to show that the maximal
domain of Dk
Dom(Dk ) = { f ∈ L2k(\Bn); Dk f ∈ L2k(\Bn)}
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is exactly the space of -automorphic forms of weight k on Bn whose restrictions to the domain
() are in the Sobole space H 2(()). But, since here  is a uniform Lattice so that its funda-
mental domain () is a relatively compact domain of Bn , we can use appropriately the Rellich
Lemma to show that the injection j : Dom(Dk ) → L2k(\Bn) is a compact operator. Hence, it
follows that the Maass Laplacian Dk has a compact resolvent in L2k(\Bn). The other statements
of the above Proposition can be established by using similar classical arguments as for n = 1.
Corollary 3.1. Let µ j = −(λ2j + n2), j = 1, 2, . . . be the set of eigenvalues of the Laplacian
Dk counted with their multiplicities. Then, we have
i) For every t > 0, the semi-group et Dk is of trace class in L2k(\Bn)and its trace is given by
Tr et D

k =
∞∑
j=1
e−t(λ
2
j +n2).
ii) For every fixed t ∈ R, the wave operator
W k (t) :=
sin t
√
−(Dk + n2)√
−(Dk + n2)
is not of trace class in L2k(\Bn). Neverthless, for f ∈ C∞c (R), the associated averaged op-
erator W k ( f ) :=
∫
W k (t) f (t)dt is of trace class in L2k(\Bn). Furthermore, the linear form
tr (W k (t))
f → 〈tr (W k (t)), f (t)〉 := Tr (W k ( f ))
is a finite order distribution on the real line and it is given by
tr (W k (t)) =
∞∑
j=1
sin tλ j
λ j
. (*)
Proof. The statement in i) of the corollary follows easily from the Weyl assymptotic of the
λ j ’s. To prove ii), we can use the identity
sin tλ
λ
= (−1)
m+1
λ2m+2
[(
d
dt
)2m+1
(cos tλ)
]
to make integration by part in t with l large enough so that we can apply ii) and iii) of the above
proposition to see that the averaged operators W k ( f ) have smooth kernels; hence of trace class
and that the linear form which to each f ∈ C∞c (R) assigns Tr(W k )( f ) is a distribution on the
real line of finite order.
Next, we discuss some time-dependent spectral properties of the Maass Laplacian Dk .
3.2. Evolution spectral theory of Dk
In this subsection, we consider the evolution spectral theory of the Laplacian Dk , that is, we
will discuss the heat and wave equations associated to the Maass Laplacians Dk on L2k(\Bn)
and we give the expression of the coresponding Schwartz kernels.
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For this, let us consider the Cauchy problems of heat and wave types associated to Dk
(Hk )
{
∂tv
(t, z) = (Dk ) v(t, z), (t, z) ∈ [0, +∞] × Bn,
v(o, z) = f ∈ Ak,c(Bn)
and
(W k )
{
∂2t u
(t, z) = (Dk + n2) u(t, z), (t, z) ∈ R× Bn,
u(0, z) = 0 and ∂t u(0, z) = f (z) ∈ Ak,c(Bn)
where we recall that Ak,c(Bn) is the space of -automorphic forms of weight k whose restriction
to () have compact support in (), i.e.,
Ak,c(Bn) = { f ∈ C∞(Bn); f (γ · z) = j−k(γ, z) f (z)
and supp f |() is compact in ()}.
Thus, it is not difficult to show that the above Cauchy problems (Hk )and (Wk )are well posed
and that their solutions v(t, z) and u(t, z) are given respectively by v(t, z) = et Dk f (z) and
u(t, z) = sin t
√
−(Dk + n2)√
−(Dk + n2)
f (z).
But, the above representations for the solutions of the Cauchy problems of heat and wave type
are useless for deriving explicit form of the corresponding Selberg trace formulae.
Therefore, one need to have explicit formulae of the above solutions v(t, z) and u(t, z).
Indeed, using the explicit formulae of heat and wave kernels of the Maass Laplacian Dk as
given in Theorem 2.2, we can establish the following proposition:
Proposition 3.2. Let  be a uniform Lattice of SU(n, 1) and let K k (s, z, w) be the -
automorphic kernel of weight k on Bn × Bn associated to the kernel Kk(s, z, w) in (2.10)
via the rule
K k (s, z, w) =
∑
γ∈
Kk(s, z, γ · w) j−k(γ, w).
Then, the -automorphic solutions of weight k of the above Chauchy problems are given re-
spectively by
v(t, z) = (2π)−n(π t)− 12 e−tn2
∫
()
[∫ ∞
0
d(cosh x)
× K k (x; z, w)
( −1
sinh x
d
dx
)n
e−x
2/4t
]
f (w) dµ(w)
and
u(t, z) = (2π)−n
(
1
sinh t
∂
∂t
)n−1 ∫
()
K k (t, z, w) f (w) dµ(w)
where the kernel K k (s, z, w) is as given above.
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Proof. Using the exponential decay for the heat kernel of the Laplacian Dk and the finite
propagation speed of the corresponding wave equation given in Theorem 2.2, we can argue in
the same manner as in the case n = 1 to show that the integrals involved in Proposition 3.2 are
well defined and that they are exactly the solutions for the considered Cauchy problems (cf.
McKean [17] and Fay [8] for the heat equation in H 1(C)).
4. Selberg’s trace formula for automorphic kernels of weight k in the complex hyperbolic
space Hn(C), n  2
In this section, we will establish a general Selberg’s trace formula for automorphic kernels of
weight k on the complex hyperbolic space H n(C). This obtained general Selberg trace formula
given in Theorem 4.1 will be applied in the forthcoming section to heat and wave kernels of
the Maass Laplacians Dk .
To do this, we begin by defining in below the class of automorphic kernels of weight k on
the hyperbolic space H n(C) = Bn with respect to a uniform Lattice  of G = SU(n, 1) that
we will be using.
Namely, for z, w in Bn , we set
Jk(z, w) =
(
1 − 〈z, w〉
1 − 〈w, z〉
)−k
.
Then, it is easily checked that the above factor Jk(z, w) satisfies the following invariance prop-
erty:
Jk(g · z, g · w) = j−k(g, z) Jk(z, w) jk(g, w). (4.0)
Using the above notations, we define below the space of -automorphic kernels of weight
k on the complex hyperbolic space H n(C) = Bn that are relevant for our purpose.
Definition 4.1. Let Kk(z, w) be a kernel on Bn × Bn of the following form
Kk(z, w) = Jk(z, w) Qk(cosh d(z, w)) (4.1)
where Qk : [1, +∞[ → R is decaying sufficiently rapidly at ∞. Then by automorphic ker-
nel of weight k with respect to , we mean the kernel K k (t, z, w)associated to the above kernel
Kk(z, w) via the rule
K k (z, w) =
∑
γ∈
Kk(z, γ · w) j−k(γ, w). (4.2)
Now, before stating the general Selberg trace formula for the kernel K k (z, w)given by (4.2),
we should make the following remarks
Remark 4.1. Note that using the chain rule (2.8) of the automorphic factor jk(g, z) and the
invariance property of Jk in (4.0) we have
i) The kernel Kk(z, w) in (4.1) satisfies the following invariance property:
Kk(g · z, g · w) = j−k(g, z) Kk(z, w) jk(g, w) (4.2’)
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for every g ∈ SU(n, 1).
ii) The corresponding automorphic kernel K k (z, w) in (4.2) satisfies also the following
property:
K k (γ1 · z, γ2.w) = j−k(γ1, z) K k (z, w) jk(γ2, w) (4.3’)
for all γ1, γ2 ∈  and z, w ∈ Bn .
Next, in order to state the general Selberg trace formula for such automorphic kernel K k (z, w)
of weight k on the complex hyperbolic space H n(C) = Bn , n  2, we need to fix some further
notations.
For a given uniform Lattice  of SU(n, 1) acting on the hyperbolic space H n(C) = Bn , let
C denote the set of conjugacy classes [γ ] of , γ the centraliser of γ in  when γ = e and
n(γ ) the cardinal of the finite group γ /〈γ 〉 where 〈γ 〉 is the cyclic group generated by γ . Also,
for γ in \{e}, let l(γ ) denote the geodesic length attached to the conjugacy class [γ ] of γ and
which is given by
l(γ ) = inf
z∈Bn
d(z, γ · z).
Then, since  is a uniform Lattice of SU(n, 1), it is well known that every element γ in \{e}
is a Hyperbolic element and it is conjugated in SU(n, 1) to the following Hyperbolic element
mal in MA (see for instance [7]):
mal(γ ) =
[
eiθ1, . . . , eiθn−1, eiφ(γ )
(
cosh l(γ ) sinh l(γ )
sinh l(γ ) cosh l(γ )
)]
,
n−1∑
j=1
θ j + 2φ(γ ) = 0[2π ].
(4.3)
Here, A is a maximal abelian subgroup of SU(n, 1) which can be given by
A =

as =

 In−1 0 00 cosh s sinh s
0 sinh s cosh s

; s ∈ R


and M is the cetralizer of A in K = S(U (n) × U (1)). The subgroup M is isomorphic to
S(U (n − 1)× U (1)) and can be written as follows:
M =

m =

A 0 00 eiφ 0
0 0 eiφ

; A ∈ U (n − 1), det A × e2iφ = 1

.
Hence, using the above notations, we can state the general Selberg trace formula for the
-automorphic kernel in (4.2) as follows.
Theorem 4.1. (General Selberg’s trace formula) Let n  2 and let K k (z, w) be the -
automorphic kernel of weight k on Bn × Bn associated via (4.2) to the kernel Kk(z, w) =
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Jk(z, w) Qk(cosh d(z, w)) where Qk(ρ) is decaying sufficietly rapidly as ρ → +∞ and set
sp(K k ) :=
∫
()
K k (z, z) dµ(z).
Then, the Selberg trace formula for the kernel K k (z, w) is given by
sp(K k ) = vol(\Bn) Qk(1)
+
∑
γ∈C\{e}
ck(γ ) ×
∫ +∞
cosh l(γ )
ρ2|k|+1(ρ2 − cosh l(γ )2)n− 32
×F
(1
2
(n − 1) + |k|, 1
2
n + |k|, n − 1
2
; cosh
2l(γ ) − ρ2
cosh 2l(γ )
)
Qk(ρ) dρ
where ck(γ ) is a constant given explicitely by
ck(γ ) = 2
1−n(π)n−
1
2
(n − 12)
e−2ikφ(γ )
n(γ )
l(γ )
sinh l(γ )
(cosh l(γ ))−(n−1+2|k|)
×
[ n−1∏
j=1
{cosh l(γ ) − cos(θ j − φ(γ ))}
]−1
and in which the parameters l(γ ), φ(γ ) and (θ1, . . . , θn−1) are those involved in the Hyperbolic
element mal given in (4.3).
Before giving the proof of the above theorem, we make the following relevant remarks.
Remark 4.2. a) The integral in the right-hand side of the trace formula in the above theorem
still makes sense when n = 1 and it reads as
A1(k, γ ) =
∫ +∞
cosh l(γ )
ρ2|k|+1(ρ2 − cosh l(γ )2)− 12
×F
(
|k|, 1
2
+ |k|, 1
2
; cosh
2l(γ ) − ρ2
cosh 2l(γ )
)
Qk(ρ) dρ.
This above integral A1(k, γ ) is surprisingly much more simpler comparing to that given by
Hejhal for general automorphic kernel (see [11]). Note also that for k = 0, the above given
Selberg trace formula in Theorem 4.1 reduces to the well-known Selberg trace formula for
kernels on compact surfaces of genus g  2, (see for instance McKean [16]).
b) For n  2 and k = 0, the involved integral in Theorem 4.1 reads as
An(0, γ ) =
∫ +∞
cosh l(γ )
ρ(ρ2 − cosh l(γ )2)n− 32
×F
(1
2
(n − 1), 1
2
n, n − 1
2
; cosh
2l(γ ) − ρ2
cosh 2l(γ )
)
Qk(ρ) dρ
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and this gives the Selberg trace formula for a kernel on the compact manifold M = \Bn
which, for our knowledge, is not explicitely known in the case of the complex hyperbolic space
H n(C) = Bn , n  2.
c) It is possible to write sp(K k ) in terms of the spectral Selberg transformation associated
to our Maass Laplacian Dk for n  2. But this will not be given here.
Proof. Let K k (z, w)be the automorphic kernel of weight k associated to the function Qk(t)suf-
ficiently decaying in order to ensure that the following integral sp(K k ) :=
∫
()
K k (z, z)dµ(z)
is absolutely convergent.
Then, using the well-known Selberg procedure for cocompact discrete groups , i.e., the
Selberg’s trick of summation over the conjugacy classes [γ ] in C (cf. [22]), the above integral
sp(K k ) associated to the automorphic kernel K k (z, w) of weight k in H n(C), can be written as
sp(K k ) :=
∫
()
∑
γ∈C
∑
h∈[γ ]
Kk(z, hz) j−k(h, z) dµ(z)
=
∑
γ∈C
∑
[h]∈γ \
∫
()
Kk(z, h−1γ h · z) j−k(h−1γ h, z) dµ(z)
where dµ(z) is the SU(n, 1)-invariant volume form of H n(C). Also, by making the change of
variable z = h−1 · w in the above integral over (), the series sp(K k ) becomes
sp(K k ) :=
∑
γ∈C
∑
[h]∈γ \
∫
h()
Kk(h−1w, h−1γw) j−k(h−1γ h, h−1w) dµ(w).
But by combining the invariance properties (4.2)′ of the kernel Kk(z, w) and the chain rule
(2.8) of the automorphic factor jk , we can check easily that the integrand in the above integral
is independent of h. Namely, for every h ∈ SU(n, 1) we have
Kk(hz, hγ · z) j−k(hγ h−1, hz) = Kk(z, γ · z) j−k(γ, z).
Now, since
⋃
h∈γ \ h() is a fundamental domain for the centralizer γ and since the
fundamental domain (〈γ 〉)of the group generated by the element γ is a disjoint union of n(γ )
translates of the fundamental domain of γ , we can rewrite sp(K k ) into the following form
sp(K k ) = vol(\Bn) Qk(1) +
∑
γ∈C\{e}
1
n(γ )
I (Kk, γ )
where the quantity I (Kk, γ ) is given by
I (Kk, γ ) =
∫
(〈γ 〉)
Kk(z, γ · z) j−k(γ, z) dµ(z).
Here Kk(z, w) is the kernel given by the expression (2.10) and j−k(γ, z) is the automorphic
factor given by (2.8). Thus, using the fact that every element γ in  is conjugated in SU(n, 1)
to the Hyperbolic element mal as given by (4.3), we can simplify further the above integral to
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rewrite the trace formula as follows:
sp(K k ) = vol(\Bn) Qk(1) +
∑
γ∈C\{e}
1
n(γ )
I (Kk, mal(γ ))
where
I (Kk, mal) =
∫
(〈mal 〉)
Kk(z, mal · z) j−k(mal, z) dµ(z).
Next, to explicit more the integral I (Kk, mal), we will use the Horispherical coordinates of
Bn by identifying as manifolds Bn with AN · 0 (i.e., Bn = AN · 0), where the subgroup N
of SU(n, 1) comes from its Iwasawa decomposition SU(n, 1) = ANK . The subgroup N is the
nilpotent part of G = SU(n, 1) isomorphic to Cn−1 × R and given here by
N =

nv,ξ =

 In−1 ξ −ξ−ξ∗ 1 − 12 |ξ |2 − iv 12 |ξ |2 + iv
−ξ∗ 12 |ξ |2 − iv 1 + 12 |ξ |2 + iv

; v ∈ R, ξ ∈ Cn−1

.
In these coordinates, the fundamental domain (mal(γ )) of the Hyperbolic element mal(γ ) is
given by
(mal(γ )) = {asn · 0; 0  s  l(γ ) and n ∈ N }.
Thus, the integral I (Kk, mal(γ )) can be written as follows:
I (Kk, mal(γ )) =
∫ l
0
∫
N
Kk(asn · 0, malasn · 0) j−k(mal, asn · 0) ds dnv,ξ
where dnv,ξ = dv dξ is the invariant Haar measure of N  Cn−1 × R.
Now, noting that the element m commuttes with the elements of the Abelian group A and
using the invariance property (4.2′) of the kernel Kk(z, w) as well as the chain rule (2.8) for the
automorphic factor j−k(γ, z), the integral in s can be simplified and we get
I (Kk, mal(γ )) = l(γ )
∫
N
Kk(n · 0, maln · 0) j−k(mal, n · 0) dnv,ξ .
Also, by using the same invariance properties (4.2′) and (2.8), we can prepare I (Kk, mal(γ ))
into the following convenient form:
I (Kk, mal(γ )) = l(γ ) j−k(mal, 0)
×
∫
N
Kk(maln−1ma−1l n · 0, al · 0) j−k(maln−1ma−1l n, 0) dnv,ξ .
Hence, to get rid off the element m from the above integrand, we can use the following explicit
change of coordinates of N = Cn−1 × R:
N −→ N , nξ,v −→ nξ ′,v′
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with
ξ ′j = ξ j (1 − ei(θ j −φ)+l); ξ = (ξ1, . . . , ξn−1) ∈ Cn−1
v′ =
n−1∑
j=1
sin(φ − θ j ) |ξ j |2 + v(1 − e2l)
and for which the Jacobien in R2n−2 × R can be computed easily to get that it is equal to
2nenl sinh l
∏n−1
j=1{cosh l − cos(θ j − φ)}.
Hencefore, using this, we get as expression for I (Kk, γ ) the following integral:
I (Kk, γ ) = e
−nl
2n
ak(γ )
∫
C
n−1×R
(
1 − 〈al · 0, nv,ξ · 0〉
1 − 〈nv,ξ · 0, al · 0〉
)k
×Qk(cosh d(nv,ξ · 0, al · 0)) jk(nv,ξ , 0) dξ dv
where the constant ak(γ ) is given by
ak(γ ) = l(γ ) j−k(mal, 0)
sinh l(γ )
n−1∏
j=1
{cosh l(γ ) − cos(θ j − φ)}
.
(4.4)
But to simplify further the above integral we need first to have the explicit expression of the
involved quantities in its integrand. For this, we state the following lemma:
Lemma 4.1. For every element al in A and nv,ξ in N we have
a) (
1 − 〈nv,ξ · 0, al · 0〉
1 − 〈nv,ξ · 0, al · 0〉
)k
jk(nv,ξ , 0) =
(
cosh l + 12 |ξ |2e−l + ive−l
cosh l + 12 |ξ |2e−l − ive−l
)−k
b)
cosh 2d(nv,ξ · 0, al · 0) = (cosh l + 12 |ξ |2e−l)2 + v2e−2l .
Using the above lemma, the expression of I (Kk, γ ) becomes then
I (Kk, γ ) = e
−nl
2n
ak(γ ) ×
∫
C
n−1×R
(
cosh l + |ξ |2e−l + ive−l
cosh l + |ξ |2e−l − ive−l
)−k
×Qk([(cosh l + 12 |ξ |2e−l)2 + v2e−2l]
1
2 ) dv dξ.
Now, to reduce further the integral in (v, ξ) in the above expression of I (Kk, γ ), we will use
first polar coordinates in Cn−1 by setting ξ = rw (with r > 0, w ∈ S2n−3) followed by the
change of variable in the plane R2 by setting: X = cosh l + 12 |ξ |2e−l , Y = ve−l , to see that the
quantity Ik(Kk, γ ) reads then as an integral over the following domain D of R2
D = {(X, Y ) ∈ R2; cosh l  X < ∞, −∞ < Y < +∞}
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and it has the following expression:
I (Kk, γ ) = Vol(S2n−3) ak(γ )
×
∫ +∞
cosh l
∫ +∞
−∞
(X − cosh l)n−2
(
X − iY
X + iY
)k
Qk((X2 + Y 2) 12 ) d X dY.
(4.5)
Second, by using polar coordinates of the plane R2 by setting: X = ρ cos η and Y = ρ sin η
and taking care of the domain D under this change of variable, we get finaly the following
reduced expression of I (Kk, γ )
I (Kk, γ ) = π
n−1
2(n − 1)ak(γ )
×
∫ +∞
cosh l
ρn−1
{∫ θ(ρ)
−θ(ρ)
(
cos η − cosh l
ρ
)n−2
e−2ikηdη
}
Qk(ρ) dρ
(4.5’)
where θ(ρ) is given by cos θ(ρ) = (cosh l)/ρ and where ak(γ ) is as given in (4.4). But, at this
level we have to observe that the inside integral in η can be expressed in terms of associate
Legendre functions so that we can apply to it the following formula ([18, page 188]):
∫ v
0
(cos t − cos v)−µ− 12 cos[(ν + 12) t] dt
= 2µ( 12 π)
1
2
( 12 − µ)
(1 − µ) (sin v)
−2µ
× F( 12 (1 + ν − µ), − 12 (ν + µ), 1 − µ; sin 2v).
(4.6)
Hencefore, using the above formula (4.6) with µ = 32 − n, ν = 2|k| − 12 and v = θ(ρ), where
cos θ(ρ) = (cosh l)/ρ, we can evaluate the integral over η in terms of hypergeometric functions
and we obtain the following result
∫ θ(ρ)
−θ(ρ)
(cos η − cos θ(ρ))n−2e2ikηdη
= 22−n (n − 1)
(n − 12)
(π)
1
2
(
ρ2 − cosh l(γ )2
ρ2
)n− 32
× F
(
1
2
(n − 1) + k, 1
2
(n − 1) − k, n − 1
2
; ρ
2 − cosh l(γ )2
ρ2
)
.
Further, transforming the above hypergeometric function with the help of the identity
F(a, b, c; z) = (1 − z)−a F
(
a, c − b, c; z
z − 1
)
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we end, after easy substitutions, that the above integral over η is now given by
∫ θ(ρ)
−θ(ρ)
(cos η − cos θ(ρ))n−2e2ikηdη
= 22−n (n − 1)
(n − 12)
(π)
1
2 ρ(−n+2|k|+2)(ρ2 − cosh l(γ )2)n− 32
× F
(1
2
(n − 1) + |k|, 1
2
n + |k|, n − 1
2
; 1 − ρ
2
cosh l(γ )2
)
.
Hence, by inserting this into the quantity Ik(Kk, γ ) and taking care of the involved constants,
we obtain the desired formula as stated in the Theorem 4.1. Thus, the proof of Theoorem 4.1
is now complete.
5. Selberg trace formulae for heat and wave kernels
In this section, we will apply the above general Selberg trace formula given in Theorem 4.1
to heat and wave kernels of our Maass Laplacians Dk on Bn to establish the explicit forms of
their Selberg trace formulae. But before doing this, we should observe that the relevant kernels
that enter into both heat and wave kernels of Dk are given by (see Section 2)
K tk(z, w) = Jk(z, w) Qtk(ρ) (5.1)
where
Qtk(ρ) = (cosh 2t − ρ2)
− 12+ F
(
−2|k|, 2|k|, 1
2
,
ρ − cosh t
2ρ
)
.
Hence, it is likely of a good deal to begin by establishing explicit form of the Selberg trace
formula corressponding to the above kernels given in (5.1).
5.1. Selberg trace formula for the kernel K tk(z, w)
To begin with, we rewrite the above function Qtk(ρ) in a convenient form. Namely, using
transformations laws on the involved hypergeometric function, the function Qtk(ρ)will take the
following form:
Qtk(ρ) =
(
cosh t
ρ
)2|k|
(cosh t2 − ρ2)−
1
2+ F
(
−|k|, 1
2
− |k|, 1
2
,
cosh t2 − ρ2
cosh 2t
)
. (5.2)
Hence, after this preparation, we can state the explicit form of Selberg trace formula corre-
sponding to the function Qtk(ρ) as given in (5.2). Namely, we have the following
Theorem 5.1. Let K k (t)(z, w) be the automorphic kernel of weight k corresponding via the
rule (4.2) to the above kernel K tk(z, w) given by (5.1). Then, for every t ∈ R\{0}, the following
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identity holds:
sp(K k (t)) =
∫
()
K k (t)(z, z) dµ(z)
= vol(\Bn)(sinh |t |)−1 F(−2|k|, 2|k|, 12 , 12 (1 − cosh t))
+
∑
γ∈C\{e}
ck(γ )
(n)
(cosh t − cosh l(γ ))n−1Y (|t | − l(γ ))
where the constant ck(γ ) is given by
ck(γ ) = π
nl(γ )e−2ikφ(γ )
2n(γ ) sinh l(γ )
n−1∏
j=1
{cosh l(γ ) − cos(θ j − φ)}
.
Proof. By inserting the function Qtk(ρ) as given in (5.2)
Qtk(ρ) =
(
cosh t
ρ
)2|k|
(cosh t2 − ρ2)−
1
2+ F
(
−k, 1
2
− k, 1
2
,
cosh t2 − ρ2
cosh 2t
)
in the general Selberg trace formula stated in Theorem 4.1, it becomes clear that our main task
for having the explicit form of the corresponding Selberg trace fomula, is to evaluate explicitely
the following integral:
Ak(t, γ ) = (cosh t)2|k|
∫ +∞
cosh l(γ )
ρ(ρ2 − cosh 2l)n− 32 (cosh t2 − ρ2)−
1
2+
×F
(1
2
(n − 1) + |k|, 1
2
n + |k|, n − 1
2
; 1 − ρ
2
cosh 2l(γ )
)
×F
(
−|k|, 1
2
− |k|, 1
2
, 1 − ρ
2
cosh 2t
)
dρ.
To do this, we note first that for |t |  l(γ ) the integral Ak(t, γ ) is equal to zero. Hence, we
are reduced to consider only the following integral still denoted by Ak(t, γ )
Ak(t, γ ) = (cosh t)2|k|
∫ cosh t
cosh l
ρ(ρ2 − cosh 2l(γ ))n− 32 (cosh t2 − ρ2)− 12
×F
(1
2
(n − 1) + |k|, 1
2
n + |k|, n − 1
2
; 1 − ρ
2
cosh 2l
)
×F
(
−|k|, 1
2
− |k|, 1
2
, 1 − ρ
2
cosh 2t
)
dρ.
But using the following change of variable s = (ρ2 − cosh 2l)/(cosh 2t − cosh 2l) in the
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above integral in ρ, the integral function Ak(t, γ ) will read as follows:
Ak(t, γ ) = 12 (cosh t)
2|k|(cosh 2t − cosh 2l(γ ))n−1
∫ 1
0
sn−
3
2 (1 − s)− 12
×F( 12 (n − 1) + |k|, 12 n + |k|, n − 12 ; ys)
×F(−|k|, 12 − |k|, 12 ; x(1 − s)) ds
(5.3)
where we have set x = (cosh 2t − cosh 2l)/cosh 2t and y = (cosh 2l − cosh 2t)/cosh 2l. Note
that x and y are satisfying 1/x + 1/y = 1 with 0 < x < 1. That is, x = y/(y − 1) with y < 0.
At this level, we see that the above integral in (5.3) involves the product of two hypergeo-
metric functions. Thus, at first glance, the above integral might resemble to the integral formula
in ([18, page 55]) that we recall here (see precisely (5.4′) in below).
F(α, β, γ ; y) = (γ )
(λ)(γ − λ)
∫ 1
0
tλ−1(1 − t)γ−λ−1 F(α, β, λ; t y) dt (5.4)
or
F(α, β, γ ; y) = (γ )
(λ)(γ − λ) (1 − y)
−α′
∫ 1
0
tλ−1(1 − t)γ−λ−1
× F(α − α′, β, λ; t y) F
(
α′, γ − β, γ − λ; y
y − 1(1 − t)
)
dt.
(5.4’)
But, the above formula in (5.4′) can not be applied to our integral in (5.3) unless that k = 0
and in this case, we can indeed use (5.4) with λ = n − 12 , γ = n, α = 12(n − 1) and β = 12 n to
obtain that A0(t, γ ) is given by
A0(t, γ ) =
( 12 (n − 1))( 12)
2(n)
(cosh 2t − cosh 2l)n−1
×F
(1
2
(n − 1), 1
2
n, n; cosh
2l − cosh 2t
cosh 2l
)
.
Also, to explicit further the quantity A0(t, γ ), we have to observe that the above involved
hypergeometric function is of type F(a, a + 12 , 2a + 1, x). Hence, it is an elementery function
given by 22a(1+
√
1 − x)−2a (see [18, page 38]). Thus, applying this formula with a = 12(n−1),
we get finally the simplified expression of A0(t, γ )
A0(t, γ ) = 2n−2
( 12 (n − 1)) ( 12)
(n)
cosh ln−1(cosh t − cosh l)n−1, l = l(γ ).
Hence, the Selberg trace formula stated in Theorem 5.1 holds for k = 0.
Next, to handle the evaluation of the integral in (5.3) for k = 0, we are led to establish
the following Fundamental Lemma on Special functions which is of independant interest and
might be usefull in the theory of Special functions.
Fundamental Lemma 5.1. Let λ, a, a′, b and b′ be the complex numbers such that: Re b > 0,
Re (a + a′ + b′) > 0, Re (a + a′ + b + b′) > Re λ > 0 and set c = a + a′ + b + b′. Then, for
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every x and y such that 1/x + 1/y = 1 with 0 < x < 1, the integral
I =
∫ 1
0
tλ−1(1 − t)c−λ−1 F(a, b, λ; yt)F(a′, b′, c − λ; x(1 − t)) dt
is explicitely given by
(λ) (c − λ)
(c)
(1 − x)a F(a + a′, a + b′, c; x).
The proof of the above Fundamental Lemma will be given in the Appendix of this paper.
Thus, by applying the above lemma to our integral in (5.3)with λ = n − 12 , a = 12(n −1)+k,
b = 12 n + k, c = n, a′ = −k, b′ = 12 − k, x = (cosh 2t − cosh 2l)/cosh 2t and such that
|k| < 12 n, we obtain that the integral function Ak(t, γ ) in (5.3) is equal to
Ak(t, γ ) =
(n − 12) ( 12)
2(n)
(cosh 2t − cosh 2l)n−1
×(cosh t)1−n(cosh l)n−1+2|k|F
(1
2
(n − 1), 1
2
n, n,
cosh 2t − cosh 2l
cosh 2t
)
in which the hypergeometric function F(12(n − 1), 12 n, n; x) is an elementary function
that equals 2n−1(1 +
√
1 − x)1−n . Hence, replacing x by its explicit expression x =
(cosh 2t − cosh 2l)/cosh 2t , we see that the quantity Ak(t, γ ) which was given by
Ak(t, γ ) = (cosh t)2|k| 12 (cosh
2t − cosh 2l)n−1
∫ 1
0
sn−
3
2 (1 − s)− 12
× F( 12 (n − 1) + |k|, 12 n + |k|, n − 12 ; ys)F(−|k|, 12 − |k|, 12 ; x(1 − s)) ds
is now equal to the following simplified expression
Ak(t, γ ) = 2n−2
(n − 12) ( 12)
(n)
(cosh l)n−1+2|k|(cosh t − cosh l)n−1. (5.5)
Thus, replacing, in the general Selberg trace formula corresponding to the function Qtk(ρ),
the quantity Ak(t, γ ) by its expression given by (5.5), we get the desired result provided that
|k| < 12 n. Therefore, to finish the proof of Theorem 5.1, we have to handle the case of |k|  12 n.
But, to do this, we have only to observe that the both sides of (5.5) are analytic functions in the
parameter k ∈ R. Thus, the Selberg trace formula given in Theorem 5.1 holds for every k ∈ R.
5.2. Statement of the explicit forms of Selberg trace formula for heat and wave kernels of Maass
Laplacians Dk
In this subsection, we state the Selberg trace formula for the geat and the wave kernels
associated to the Maass Laplacians Dk and we give their proofs. To do this, we begin by the
heat trace of the semi-group et Dk and for which we establish
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Theorem 5.2. Let  be a cocompact torsion free subgroup of SU(n, 1) (n  2) acting on
Bn and let Dk be the Maass Laplacian on L2k(\Bn). Then, for t > 0, the Selberg trace
formula of the heat semigroup et Dk is given by
Tr et D

k =
∑
µ2j ∈Sp(−Dk )
e−tµ
2
j
= π− 12 (2π)−nVol(\Bn) t− 12 e−tn2
∫ ∞
0
F(−2|k|, 2|k|, 12 ; 12 (1 − cosh x))
×
[( −1
sinh x
d
dx
)n
e−x
2/4t
]
dx + π− 12 t− 12 e−tn2
∑
γ∈C\{e}
c˜k(γ )e
−l(γ )2/4t
where
c˜k(γ ) = l(γ )e
−2iφ(γ )
2n+1n(γ ) sinh l(γ )
×
[ n−1∏
j=1
{cosh l(γ ) − cos(θ j − φ(γ ))}
]−1
with γ conjugated to the element mal as given in (4.3).
Before giving the proof of the above theorem, some remarks are of order.
Remark 5.1. For n = 1 and k ∈ R, the formula of the above Theorem reduces to the Sel-
berg trace formula for the heat semigroup given by Patterson [19], Hejhal [11] and Ikeda–
Matsumoto [12]. The corresponding Selberg trace formula has many applications and play an
important role in the evaluation of some determinents of Maass Laplacians that are needed in
String and super-string theory (cf. [1, 5, 21, . . .]).
Remark 5.2. For n  2, we might apply the above Selberg trace formula for the heat semi-
group et Dk to obtain for t → +∞, the assymptotic behaviour of Tr(et Dk ) which is related to
the least eigenvalue of −Dk .
Namely, we state the following corollary whose the proof is very technical and lengthy and it
will be given elsewhere.
Corollary 5.1. Let n  1, then we have
i) limt→+∞ Tr (et Dk ) = 0 for 0 < |k| < n
ii) limt→∞ e−4|k|(|k|−n) t Tr et Dk = A(k, n)Vol(\Bn) for n < |k| where A(k, n) is a com-
putable constant that can be given in the following form
A(k, n) = c(n)
∑
T (n)
d(p, q)(2(2|k| − n))q
where
T (n) = {(p, q) ∈ Z+ × Z+; 0  p  n and 1  q  n}.
Remark 5.3. The result given in this corollary can be used to define appropriately some de-
terminants of our Maass Laplacians Dk in the complex hyperbolic space H n(C), n  2. For
n = 1, see ([5, 21]).
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Proof of Theorem 5.2. Recalling that the kernel Hk (t)(z, w) of the heat semi-group et D

k is
given in terms of the kernel K k (x; z, w) by the following expression:
(2π)−n(π t)−
1
2 e−tn
2
∫
()
[∫ ∞
0
sinh x K k (x; z, w)
( −1
sinh x
d
dx
)n
e−x
2/4t dx
]
(**)
where K k (x, z, w) is as given by the formula (5.1). Therefore, the trace of the semi-group et D

k
is given by the integral
Tr (et D

k ) =
∫
()
Hk (t)(z, z) dµ(z)
and in view of (∗∗), we have
Tr et D

k = π− 12 (2π)−nt− 12 e−tn2
×
∫ ∞
0
d(cosh x)
{∫
()
K k (x; z, z) dµ(z)
}( −1
sinh x
d
dx
)n
e−x
2/4t .
But, using Proposition 5.1, we can replace the integral
∫
()
K k (x; z, z)dµ(z) by its explicit
Selberg trace formula to see that the trace Tr et Dk reads as follows:
Tr et D

k = (2π)−n− 12 t− 12 e−tn2
×
{
Vol(\Bn)
∫ ∞
0
F(−2k, 2k, 12 ; 12 (1 − cosh x))
[( −1
sinh x
d
dx
)n
e−x
2/4t
]
d(cosh x)
+
∑
γ∈C\{e}
ck(γ )
(n)
∫ +∞
l(γ )
(cosh x − cosh l)n−1 sinh x
[( −1
sinh x
d
dx
)n
e−x
2/4t
]
dx
}
.
Furhtermore, using n-time integration by parts in the second integral in the right-hand side of
the above formula, we get the desired formula as stated in Theorem 5.1. Hence, the proof
of Theorem 5.1 is finished.
Next, for k ∈ R, we consider the distributional trace of wave operator W k (t) associated
to the Maass Laplacian Dk . But, before stating the corresponding Selberg trace formula, we
should mention that, for k integer or half-integer, our Maass Laplacian Dk can be viewed as
Casimir Laplacians of G = SU(n, 1) acting on sections of an appropriate locally homogenious
line bundle over the compact locally symmetric space Y = \G/K . And in this case, The
distributional selberg trace formula that we will be giving in Theorem 5.3 coincide with that
obtained by U. Bunke and M. Olbrich in their Monograph book [4]. However, our method is
completely different from that used in [4].
Now below, we state the explicit form of the wave distributional Selberg trace formula of
the Maass Laplacian Dk
Theorem 5.3. Let  be a cocompact torsion free subgroup of SU(n, 1)(n  1) acting on Bn
and let Dk be the Maass Laplacian on L2k(\Bn). Then, as distributions on R, the following
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identity holds
tr
sin
(
t
√
−(Dk + n2)
)
√
−(Dk + n2)
=
∞∑
j=1
sin tλ j
λ j
= c(n) Vol(\Bn) sinh t1−2n
×F(1 − n + 2k, 1 − n − 2k, 32 − n, 12 (1 − cosh t))
+
∑
[γ ]∈C\{e}
c˜k(γ ){Y (t − l(γ )) − Y (−t − l(γ ))}
where (sinh t)1−2n is understood as a distribution onR, Y (t) is the Heaviside function and l(γ ) is
the length of the closed geodesic in \Bn corresponding to the conjugacy class [γ ] of γ in C,
c˜k(γ ) = l(γ ) e
−2iφ(γ )
2n+1 sinh l(γ )
[ n−1∏
j=1
{cosh l(γ ) − cos(θ j − φ(γ ))}
]−1
and c(n) = (−1)n−1 18(π−(n+
1
2 ))(n − 32) for n  2, c(1) = (2π)−1.
Corollary 5.2. The distribution
f ∈ C∞c (R) → Tr
(∫ +∞
−∞
f (t)(cos t√−(Dk + n2)) dt
)
is given by
tr
(
cos t
√
−(Dk + n2)
) = ∞∑
j=1
cos tλ j
= Vol(\Bn)
(2π)n
∂
∂t
(
1
sinh t
∂
∂t
)n−1
{sinh t−1 F(2k, −2k, 12 , 12 (1 − cosh t))}
+
∑
[γ ]∈C\{e}
c˜k(γ ){δ(t − l(γ )) + δ(−t − l(γ ))}.
Before giving the proof of the above Theorem 5.3, some remarks are in order
Remark 5.4. Note that the contribution of the identity element in the Selberg trace formula of
Theorem 5.3 comes here straithforward from the explicit formula of wave kernels of Dk and it
is more explicit than the corresponding one in [4]. Note also that for k = 0 the Selberg trace
formula of the above Theorem coincides with that given by U. Bunke and M. Olbrich in their
paper [3].
Proof. Before giving the proof of the above Theorem 5.3, we begin by giving a clear meaning
of the distributional trace of the wave operator
W k (t) =
sin
(
t
√
−(Dk + n2)
)
√
−(Dk + n2)
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that solves the Cauchy problem (W k ). To do this, let Lk (t) be the family of operators whose
kernels Lk (t; z, w)) are the -automorphic kernels of weight k associated to the following
continuous kernels Lk(t; z, w)) given by
Lk(t, z, w) = σ(t) Jk(z, w)
(
cosh 2t
cosh 2d
− 1
) 1
2
+
F
(
1 − 2k, 1 + 2k, 3
2
,
cosh d − cosh t
2 cosh d
)
where σ(t) is the sign of t defined by σ(t) = 1 for t > 0, σ(t) = −1 for t > 0 and σ(0) = 0.
The operators Lk (t) are of trace class in L2k(\Bn) and their trace Tr(Lk (t)) is a continuous
odd function in t ∈ R. Furthermore, they are related to the wave operators W k (t) and K k (t) in
(5.1) via the following formula (t = 0):
(2π)nW k (t) =
(
1
sinh t
∂
∂t
)n
Lk (t) =
(
1
sinh t
∂
∂t
)n−1
σ(t)K k (t).
Hence, with the help of the operators Lk (t)we can define, for f ∈ C∞c (R\0) the distributional
trace tr W k (t) on R\{0}) by the following convergent integral
〈tr W k (t), f (t)〉 := (2π)−n
∫ +∞
−∞
Tr Lk (t)
(
− ∂
∂t
1
sinh t
)n
f (t) dt.
Spliting the above integral into integrals over ]−∞, 0[ and ]0, +∞[ and applying one time an
integration by part, we get
(2π)n〈tr W k (t), f (t)〉 =
∫ 0
−∞
(
1
sinh t
∂
∂t
)
Tr Lk (t)
(
− ∂
∂t
1
sinh t
)n−1
f (t) dt
+
∫ +∞
0
(
1
sinh t
∂
∂t
)
Tr Lk (t)
(
− ∂
∂t
1
sinh t
)n−1
f (t) dt.
But, using the following easy checked relation ((1/sinh t)(∂/∂t))Tr Lk (t) = σ(t)Sp(K k (t))
where Sp(K k (t)) has been explicited in Theorem 5.1, we can replace the latter by its explicit
formula in the above integrals to see that the distributional trace (2π)n tr W k (t) can be written
in the following form.
(2π)n〈tr W k (t), f (t)〉
= Vol(\Bn)〈W ek (t), f (t)〉 +
∑
γ∈C\{e}
ck(γ )
(n)
〈W (γ )k (t), f (t)〉
(5.6)
where the quantities 〈W (γ )k (t), f (t)〉 are given by
〈W ek (t), f (t)〉 =
∫ +∞
−∞
(sinh t)−1 F(−2|k|, 2|k|, 12 , 12 (1 − cosh t))
(
− ∂
∂t
1
sinh t
)n−1
f (t) dt
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and
〈W (γ )k (t), f (t)〉 =−
∫ 0
−∞
(cosh t − cosh l(γ ))n−1Y (−t − l(γ ))
(
− ∂
∂t
1
sinh t
)n−1
f (t) dt
+
∫ +∞
0
(cosh t − cosh l(γ ))n−1Y (−t − l(γ ))
(
− ∂
∂t
1
sinh t
)n−1
f (t) dt.
Also, by using the support property of the above involved Heaviside functions, we can check
easily that the above quantity 〈W (γ )k (t), f (t)〉 can be written as an integral over the whole real
line, namely we have
〈W (γ )k (t), f (t)〉 =
∫ +∞
−∞
(cosh t − cosh l(γ ))n−1
×[Y (t − l(γ )) − Y (−t − l(γ ))]
(
− ∂
∂t
1
sinh t
)n−1
f (t) dt.
Thus, as a distribution on R\{0}, we obtain for W (γ )k (t) the following formula
W (γ )k (t) =
(
1
sinh t
∂
∂t
)n−1
(cosh t − cosh l(γ ))n−1
×[Y (t − l(γ )) − Y (−t − l(γ ))]
(
1
sinh t
∂
∂t
)n−1
.
Further, using the fact that ((1/sinh t)(∂/∂t))(cosh t − cosh l(γ ))m = m(cosh t − cosh l(γ ))m−1
and that (cosh t − cosh l(γ ))mδ(t − l(γ ))) = 0 for every m  1, we can apply the Leibniz
formula to the right-hand side of W (γ )k (t) to see that we have
W (γ )k (t) = (n − 1)!
[
Y (t − l(γ )) − Y (−t − l(γ ))].
Hence, by inserting these formulae into (5.6), we get the desired result as given in Theorem 5.3.
This finishes the proof of Theorem 5.3 and its corollary since the latter follows at once by
derivation of the formula given by Theorem 5.3.
Appendix: Proof of the Fundamental Lemma
In this appendix, we give the proof of the Fundamental Lemma 5.1 that was crucial for
getting the explicit forms of heat and wave Selberg trace formulae of Maass Laplacian Dk . To
do this, we first recall its statement.
Lemma on special functions 5.1. Let λ, a, a′, b et b′ be the complex numbers such that:
Re b > 0, Re(a +a′ +b′) > 0 and Re(a +a′ +b+b′) > Re eλ > 0. Let set c = a +a′ +b+b′.
Then, for every x and y such that 1/x + 1/y = 1 with 0 < x < 1 (i.e., x = y/(y − 1) with
y < 0) the following integral
I =
∫ 1
0
tλ−1(1 − t)c−λ−1 F(a, b, λ; yt)F(a′, b′, c − λ; x(1 − t)) dt
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is explicitely given by
(λ)(c − λ)
(c)
(1 − x)a F(a + a′, a + b′, c; x).
Proof. To begin with, we will expand the hypergeometric function F(a′, b′, c − λ; x(1 − t))
into its series
F(a′, b′, c − λ; x(1 − t)) =
∑
j
(a′) j (b′) j
(c − λ) j
[
x(1 − t)] j
j! .
Then, replacing F(a′, b′, c − λ; x(1 − t)) by the above series expansion, the integral
I =
∫ 1
0
tλ−1(1 − t)c−λ−1 F(a, b, λ; yt) F(a′, b′, c − λ; x(1 − t)) dt
becomes equal to
I =
∑
j
(a′) j (b′) j
(c − λ) j
x j
j!
∫ 1
0
tλ−1(1 − t)c−λ−1+ j F(α, β, µ; yx) dx . (A.1)
But, using the following integral identity (cf. [18, page 55])
F(α, β, γ ; y) = (γ )
(µ)(γ − µ)
∫ 1
0
xµ−1(1 − x)γ−µ−1 F(α, β, µ; yt) dt (A.2)
we can see, by taking α = a; β = b, µ = λ and γ = c + j , that the integral in the right-hand
side of the above equality (A.1) is equal to
(λ)(c − λ + j)
(c + j)
x j
j! F(a, b, c + j; y).
Hence, the integral I becomes
I =
∑
j
(a′) j (b′) j
(c − λ) j
(λ)(c − λ + j)
(c + j)
x j
j! F(a, b, c + j; y).
Now, since by assumption we have Re c > Re b > 0, we can replace the above hypergeo-
metric function F(a, b, c + j; y) by its integral representation
F(a, b, c + j; y) = (c + j)
(b) (c − b + j)
∫ 1
0
tb−1(1 − t)c−b+ j−1(1 − yt)−a dt
to obtain the following expression for I :
I = (c − λ)(λ)
(b) (c − b)
∫ 1
0
sb−1(1 − s)c−b−1(1 − ys)−a
{ ∞∑
j=0
(a′) j (b′) j
(c − b) j
x j (1 − s) j
j!
}
ds.
But, as the inside series in the above integral is equal to F(a′, b′, c − b, x(1 − s)), we get after
changing s by (1 − s), the following reduced integral form of I :
I = (λ)(c − λ)
(b)(c − b)
∫ 1
0
sc−b−1(1 − s)b−1(1 − (1 − s)y)−a F(a′, b′, c − b, xs) ds. (A.3)
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Also, since by assumption we have y = x/(x − 1), we can see easily that we have
(1 − y(1 − s))−a =
(
1 − sx
1 − x
)−a
.
Thus, the integral I in (A.3) can be written as follows
I = (λ) (c − λ)
(b) (c − b) (1 − x)
a
×
∫ 1
0
sc−b−1(1 − s)b−1(1 − sx)−a F(a′, b′, c − b, xs) ds.
(A.3’)
Next, to continue the evaluation of the above integral in (A.3′), we can use with, α = a′,
β = b′, γ = c − b and z = xs, the following hypergeometric identity
F(α, β, γ ; z) = (1 − z)γ−α−γ F(γ − α, γ − β, γ ; z)
to get that
(1 − sx)−a F(a′, b′, c − b, xs)
is equal to
(1 − sx)c−a−b−a′−b′ F(c − b − a′, c − b − b′, c − b, xs).
But, since by assumption we have c = a + b + a′ + b′, we see that the factor (1 − sx) drop out
from the integrand in (A.3) and that the integral I has the following simplified integral form
I = (λ)(c − λ)
(b)(c − b) (1 − x)
a
×
∫ 1
0
t c−b−1(1 − t)b−1 F(c − b − a′, c − b − b′, c − b, xt) dt.
(A.4)
Hence, using once again the integral identity (A.2) with µ = c − b, α = a + b′, β = a + a′
and γ = c, we obtain as final evaluation of the integral I
I = (c − λ) (λ)
(c)
(1 − x)a F(a + a′, a + b′, c; x) (A.5)
so that he above simplified formula is exactly the desired evaluation of the integral I as given
in the Fundamental Lemma.
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